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PROJECTIVE AFFINE OSSERMANN CURVATURE MODELS
PETER GILKEY AND BRONSON LIM
Abstract. A curvature model (V,A) is a vector space equipped with an el-
ement A ∈ V ∗ ⊗ V ∗ ⊗ End(V ) such that A has the same symmetries as an
affine curvature operator. Such a model is called projective affine Osserman
if the spectrum of the Jacobi operator, JX(y) = A(y, x)x, is projectively con-
stant. There are topological conditions imposed by Adam’s Theorem (vector
fields on spheres) on such a model. In this paper we construct projective affine
Osserman curvature models in dimensions m ≡ 1(2), m ≡ 2(4), and M ≡ 4(8)
which realize all possible eigenvalue structures allowed by Adam’s Theorem.
1. Introduction
An affine manifold is a pair A := (M,∇) where M is a smooth m-dimensional
manifold and where ∇ is a torsion free connection on the tangent bundle TM of
M . Let R be the associated curvature operator which is defined by:
R(X,Y ) := [∇X ,∇Y ]−∇[X,Y ] .
The curvature operator has the following universal symmetries:
R(X,Y ) = −R(Y,X) and R(X,Y )Z +R(Y, Z)X +R(Z,X)Y = 0 . (1.a)
Note that any other universal symmetries of the curvature operator in the affine
setting are algebraic consequences of these [28].
The Jacobi operator JX : Y → R(Y,X)X plays an important role in the study
of geodesic sprays. We consider the spectrum of JX :
Spec{JX} := {λ ∈ C : det(JX − λ Id) = 0} .
It is natural to examine the interplay between the geometry of the manifold and the
spectrum of the Jacobi operator. We say that (M,∇) is projective affine Osserman
if Spec{JX} is a projective invariant which is independent of the particular non-zero
tangent vector X which is chosen – we refer to Definition 1.3 for details.
We shall begin by putting matters in a historical perspective. In Section 1.1, we
discuss the Osserman conjecture in pseudo-Riemannian geometry. In Section 1.2,
we present some material concerning affine Osserman manifolds. In Section 1.3, we
review previous results concerning projective affine Osserman manifolds.
In the original study of the Osserman conjecture in the Riemannian setting,
one first proceeded algebraically and used methods of algebraic topology to restrict
the possible eigenvalue structures. One then exhibited purely algebraic Riemann
curvature models using Clifford modules to show that all the possible eigenvalue
structures existed algebraically. Chi [14] and Nikolayevskey [31]–[35] then used the
second Bianchi identity to eliminate many of the purely algebraic structures and
determine exactly which could be realized geometrically; the case m = 16 had to
be excluded at least in part since there was an Osserman Riemannian curvature
model (given by the Cayley plane) not of Clifford type. With this in mind, in
Section 1.4, we shall define the notion of a projective affine curvature model; this
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is a purely algebraic object which encodes the relevant geometric condition at a
single point. We will then state the main result of the paper (Theorem 1.11) which
controls the possible eigenvalue structures if m ≡ 1(2), m ≡ 2(4), and m ≡ 4(8).
The remainder of the paper is devoted to the proof of this result which restricts the
possible geometries which can arise and which we hope will lead subsequently to a
better understanding of projective affine Osserman geometry.
1.1. The Osserman conjecture in pseudo-Riemannian Geometry. Let ∇
be the Levi-Civita connection of a pseudo-Riemannian manifold M = (M, g). Let
S±(M) := {ξ ∈ TM : g(ξ, ξ) = ±1}
be the pseudo-sphere bundles of unit timelike (−) and unit spacelike (+) tangent
vectors. Motivated by the seminal work of Osserman [30], one says that M is
spacelike Osserman (resp. timelike Osserman) if the spectrum of JX is constant
on S+(M) (resp. on S−(M)). As these are equivalent conditions [24], one simply
says the manifold in question is Osserman.
Restrict to the Riemannian setting for the moment. One says that a simply
connected complete Riemannian manifoldM is a 2-point homogeneous space if the
isometry group of M acts transitively on S+(M). Such a manifold is either flat or
is a rank 1-symmetric space, i.e. the sphere, complex projective space, quaternionic
projective space, the Cayley plane, and the negative curvature duals. For such a
manifold, clearly Spec{JX} is independent of the particular X ∈ S+(M) which
is chosen. Osserman [30] wondered if the converse was true; if M is a simply
connected complete Riemannian manifold and if Spec(JX) is constant on S+(M),
can one then conclude that M is a two point homogeneous space. For this reason,
his name has been associated with this area. This question has been answered in
the affirmative by work of Chi [14] and Nikolayevskey [31]–[35] except in dimension
m = 16; the situation if m = 16 still is not settled although there are some partial
results.
A Lorentzian manifold is Osserman if and only if it has constant sectional curva-
ture; thus the classification is complete in this setting [4, 24]. In the higher signature
setting, the situation is much more complicated. In dimension 4, the only case to be
considered is in signature (2, 2); there is an intimate relationship between signature
(2, 2) Osserman manifolds and Walker geometry (see for example the discussion in
[18] and associated references). The algebraic structure is completely classified and
there are 4 basic types. The Jacobi operator can be diagonalizable, or can have a
complex eigenvalue, or can have real eigenvalues with a Jordan block of size 2, or
can have real eigenvalues with a Jordan block of size 3. At the geometric level, com-
plex eigenvalues can not occur so this is an example of an algebraic possibility which
does not appear geometrically. There are a great many results in this area and we
can only cite a few in the interests of brevity [13, 19, 20]. In the higher signature
setting, the Jordan normal form can be arbitrarily complicated on the algebraic
level [26]. If p ≥ 2 and if q ≥ 2, then there are Osserman pseudo-Riemannian
manifolds of signature (p, q) which are not locally symmetric [22]. The Rak´ıc dual-
ity principle [3] has been studied in the pseudo-Riemannian setting [8, 38]. In the
Riemannian setting, the quaterions play an important role; para-quaternion (i.e.
hypercomplex) structures play a corresponding role in neutral-signature Osserman
geometry [2].
Osserman geometry is intimately related with many questions in mathematical
physics. Chaichi et. al. [15] studied conditions for a Walker metric to be Ein-
stein, Osserman, or locally conformally flat and obtained thereby exact solutions to
the Einstein equations for a restricted Walker manifold. Chudecki and Prazanowski
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[16, 17] examined Osserman metrics in terms of 2-spinors and provided some new re-
sults in HH-geometry using the close relation between weak HH-spaces and Walker
and Osserman spaces using results of [21]. One can also use the Weyl conformal
curvature operator to define a conformal analogue of the Jacobi operator and study
the resulting geometry [5, 36]. The geometry of the skew-symmetric curvature op-
erator has been studied analogously [9, 12, 29] as has the geometry of the higher
order Jacobi operator [39], of the higher order skew-symmetric curvature operator
[40], and of the Szabo´ operator [41]. In addition, other properties of natural oper-
ators defined by the curvature can be examined [6]; the field is a broad and fertile
one.
1.2. Affine Osserman manifolds. In the affine setting, there is no metric to
normalize the choice of tangent vector. Since JλX = λ2JX , it is natural to say
that an affine manifold (M,∇) is affine Osserman if JX is nilpotent for all X
or, equivalently, if Spec(JX) = {0} for all X . Such manifolds arise naturally as
generalized affine plane wave manifolds (see Section 2.2 [23]). This notion was
first explored by E. Garc´ıa-Rı´o et. al. [25] and has proven to be a fruitful field
of inquiry. If (M,∇) is an affine manifold, let (x1, . . . , xm) be local coordinates
on M . If ω ∈ T ∗M , expand ω = ∑i yidxi to define the dual fiber coordinates
(y1, . . . , ym) and thereby obtain canonical local coordinates (x
1, . . . , xm, y1, . . . , ym)
on the cotangent bundle T ∗M . Let Φ = Φijdxi ◦ dxj be a smooth symmetric 2-
tensor on M . The deformed Riemannian extension g∇,Φ is the metric of neutral
signature on the cotangent bundle T ∗M given locally by
g∇,Φ(∂xi , ∂xj) = −2ykΓijk(x) + Φij(x),
g∇,Φ(∂xi , ∂yj ) = δ
j
i , g∇,Φ(∂yi , ∂yj ) = 0 .
(1.b)
This is invariantly defined – see, for example, the discussion in [10]. One has (see
for example Theorem 2.16 of [23]) that:
Theorem 1.1. Let (M,∇) be an affine Osserman manifold and let Φ be a smooth
symmetric 2-tensor on M . Then (T ∗M, g∇,Φ) is a pseudo-Riemannian nilpotent
Osserman manifold of neutral signature.
The modified Riemannian extension is the neutral signature metric on the cotan-
gent bundle given locally by
g˜ := 2 dxi ◦ dyi + {yiyj − 2ykΓijk}dxi ◦ dxj .
Again, this is invariantly defined and one has [11]:
Theorem 1.2. If (M,∇) is an affine Osserman manifold, then (T ∗M, g˜) is an
Osserman manifold of neutral signature and the eigenvalues of the Jacobi operator
on the unit pseudo-sphere bundles S±(T ∗M, g˜) are ±(0, 1, 14 ) with multiplicities
(1, 1, 2m− 2), respectively.
If (M,∇) is flat, then (T ∗M, g˜) is locally isomorphic to para-complex projective
space with constant para-holomorphic sectional curvature +1. Taking (M,∇) to
be non-flat gives rise to Osserman metrics on neutral signature manifolds with non-
nilpotent Jacobi operators and with non-trivial Jordan normal form which admit
natural para-Hermitian structures. They are semi para-complex space forms which
neither satisfy the third Gray identity nor need they be integrable [11].
1.3. Projective affine Osserman manifolds. Another way to deal with the
problem of rescaling in the affine category is to projectivize the question. Since
JXX = 0, zero is always in the spectrum of JX . We assume that (M,∇) is not
affine Osserman and thus that Spec{JX} 6= {0} for some X . We follow the discus-
sion in [7] and make the following:
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Definition 1.3.
(1) An affine manifold (M,∇) is said to be projective affine Osserman if (M,∇)
is not affine Osserman and if there is a smooth non-vanishing function s so
Spec{JX} = s(Y,X) Spec{JY } for all X,Y ∈ TM − {0}.
(2) A pseudo-Riemannian manifold (M, g) is said to be projective spacelike (+)
or timelike (−) Osserman if (M, g) is not flat and if there exists a smooth
non-vanishing function s± so that Spec{JX} = s±(Y,X) Spec{JY } for all
X,Y in S±(M, g).
Adopt the notation of Equation (1.b) to define the deformed Riemannian exten-
sion (T ∗M, g∇,Φ). We have [7]:
Theorem 1.4.
(1) If (M, g) is a Riemannian Osserman manifold which is not flat and if ∇ is
the Levi-Civita connection, then (M,∇) is projective affine Osserman.
(2) If(M,∇) is an affine manifold, then following assertions are equivalent:
(a) (M,∇) is a projective affine Osserman manifold.
(b) (T ∗M, g∇,Φ) is a projective spacelike Osserman manifold.
(c) (T ∗M, g∇,Φ) is a projective timelike Osserman manifold.
Remark 1.5. We note that indefinite signature Osserman metrics are not projec-
tive affine Osserman as Spec{J (X)} = 0 if X is null.
To illustrate this, we present two examples of projective affine Osserman mani-
folds that do not arise from an underlying Riemannian structure and refer to [27]
for other examples:
Example 1.6. Let {e1, ..., em} be the standard basis for Rm. Expand x = xiei
to define the usual coordinates (x1, . . . , xm) on Rm. We suppose m ≥ 2 and let
M := (Rm,∇) where the Christoffel symbols of ∇ are given by:
Γmm
m = 2, Γim
i = Γmi
i = Γii
m = 1 for i < m; Γ11
1 = −Γ222 = ε(x1 + x2)
where ǫ ∈ R is a real parameter. We have
Rijk
l = ∂xiΓjk
l − ∂jΓikl + ΓinlΓjkn − ΓjnlΓikn .
There are no terms in ε2 and the only terms in ε which are quadratic in the
Christoffel symbols are
0 = Γm1
1Γ11
1 − Γ111Γm11 = 0,
0 = Γm2
2Γ22
2 − Γ222Γm22 = 0 .
Consequently, the quadratic terms give rise to:
Rimm
i = Γim
iΓmm
m − ΓmiiΓimi = 2− 1 for i < m,
Rmii
m = Γmm
mΓii
m − ΓiimΓmii = 2− 1 for i < m,
Rijj
i = Γim
iΓjj
m = 1 for i 6= j < m .
We also have
R122
2 = ∂x1Γ22
2 = −ε, R2111 = ∂x2Γ111 = ε .
One may then verify [27] that this is projective affine Osserman. The entries in the
curvature tensor are constant so this manifold is affine curvature homogeneous.
Suppose ǫ 6= 0. Then J (e3) is diagonal. If X = 1√2 (e1 + e3), then:
J (x)(e1 + e3) = 0, J (x)(e1 − e3) = e1 − e3, J (x)e2 = 12εe1 + e2,
J (x){e2 + 14ε(e1 + e3)} = 12εe1 + e2 = e2 + 14ε(e1 + e3) + 14ε(e1 − e3) .
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Thus Span{v1 := e2 + 14ε(e1 + e3), v2 = (e1 − e3)} is invariant under the action of
J (x). As J (x)v2 = v2 and J (x)v1 = v1 + v2, we have non-trivial Jordan normal
form in this instance.
There is a translation group of rank m− 1 which acts on (M,∇) preserving the
structures. We have additional entries in ∇R:
∇R(∂2, ∂1, ∂1; ∂1) = −2Γ111∂2, and ∇R(∂1, ∂2, ∂2; ∂2) = −2Γ222∂1 .
Since Γ11
1 and Γ22
2 vanish if and only if x1+x2 = 0, (M,∇) is not 1-affine curvature
homogeneous and has affine cohomogeneity 1.
Suppose ε = 0. The curvature tensor is then that of constant sectional curvature.
Since the Christoffel symbols are constant, the group of translations acts transitively
on M by affine isomorphisms; thus M is affine homogeneous. However, if we set
σ(t) = (0, ..., 0, x(t)), then the geodesic equation becomes x¨ + 2x˙x˙ = 0 which
blows up in finite time for suitable initial conditions. Thus (Rm,∇) is geodesically
incomplete. Finally, we compute:
∇R(∂m, ∂1, ∂1; ∂m)
= ∇∂mR(∂m, ∂1)∂1 −R(∇∂m∂m, ∂1)∂1 −R(∂m,∇∂m∂1)∂1 −R(∂m, ∂1)∇∂m∂1
= (2− 2− 2)∂m 6= 0 .
Consequently, ∇R 6= 0. Thus this manifold is not locally symmetric and is not
affinely equivalent to the standard affine structure on the sphere Sm.
Example 1.7. Let (M,∇) be an affine surface. Let ρs be symmetric part of the
Ricci tensor defined by ∇. Because JXX = R(X,X)X = 0 and because the
dimension is two, one of the following two possibilities pertains:
(1) Spec{JX} = {0} and ρ(X,X) = 0.
(2) Spec{JX} = {0, λ(X)} for 0 6= λ(X) ∈ R and ρ(X,X) = λ(X) 6= 0.
Thus ρ is definite if and only if ρ(X,X) 6= 0 for X 6= 0 or, equivalently, if
Spec{JX} 6= {0} for X 6= 0. Thus (M,∇) is projective affine Osserman if and
only ρs is definite. Since the alternating Ricci tensor ρa can be non-trivial, this
provides many examples of projective affine Osserman surfaces where the connec-
tion is not the Levi-Civita connection.
1.4. Curvature Models. It is convenient to work purely in the algebraic setting
to understand what happens at each tangent space. The corresponding analysis in
the Riemannian setting was central to the classification in dimensions m 6= 16.
Definition 1.8. Let V be a finite dimensional real vector space of dimension m.
If A ∈ V ∗ ⊗ V ∗ ⊗ End(V ) has the curvature symmetries of Equation (1.a), then
the pair (V,A) is said to be an affine curvature model and the associated Jacobi
operator is given by JX(Y ) := A(Y,X)X . An affine manifold (M,∇) is said to be
a geometric realization of an affine curvature model (V,A) if there is a point P of
M and a linear isomorphism ψ : TPM → V so that φ∗A = RP .
Every affine curvature model is geometrically realizable [28]; thus, as noted
above, the symmetries of Equation (1.a) generate the universal symmetries of the
curvature operator of an affine manifold.
Definition 1.9. We say that (V,A) is a projective affine Osserman curvature model
if (V,A) is an affine curvature model and if the spectrum of the Jacobi operator is
a projective invariant, i.e. if for every 0 6= X,Y ∈ V there exists 0 6= s(Y,X) ∈ R
so
Spec{JX} = s(Y,X) Spec{JY } 6= {0}
If λ ∈ C, let µ(JX , λ) = µ(λ) be the eigenvalue multiplicity; λ ∈ Spec{JX} if and
only if µ(JX , λ) > 0. As JX is real, µ(λ) = µ(λ¯).
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In fact, the nature of the spectrum can be nailed down a bit if (V,A) is a pro-
jective affine Osserman curvature model. In the following result, we shall omit the
λ’s if there are no real eigenvalues and the µ’s if there are no complex eigenvalues.
We refer to [27] for proof of:
Theorem 1.10. Let (V,A) be a projective affine Osserman curvature model. There
exist smooth complex valued non-zero functions {λ1(X), . . . , µ1(X), . . . } defined on
V − {0} taking distinct values and there exists a smooth positive function s(·, ·)
defined for 0 6= X,Y ∈ V so that:
(1) λi(X) ∈ R− {0} and µj(X) ∈ C with ℑ(µj) > 0.
(2) Spec{JX} = {0, λ1(X), . . . , ν1(X), ν¯1(X), . . . }.
(3) λi(X) = s(X,Y )λi(Y ) and νj(X) = s(X,Y )νj(Y ) for all i and j.
(4) Let ~µ(X) := (µ(0), µ(λ1), . . . , µ(ν1), µ(ν¯1), . . . ) where µ(·) is the eigenvalue
multiplicity. Then ~µ(·) is constant on V − {0}.
Since JXX = 0, 0 is always in the spectrum of the Jacobi operator. It is
convenient therefore to introduce the reduced Jacobi operator. Let VX := V/{X ·R}.
Since X ∈ ker{JX}, the Jacobi operator induces a natural map J˜X , which is called
the reduced Jacobi operator, from VX to VX . Let µ(JX , σ) and µ(J˜X , σ) be the
eigenvalue multiplicities of σ in JX or J˜X . As det(JX −λ Id) = −λdet(J˜X −λ Id),
Spec(JX) = Spec(J˜X) ∪ {0} and
µ(JX , σ) =
{
µ(J˜X , 0) + 1 if σ = 0
µ(J˜X , σ) if σ 6= 0
}
.
The following is the main result of this paper and deals with the cases m ≡ 1(2),
m ≡ 2(4) and m ≡ 4(8). Note that we permit λi(X) = 0 for some i in what follows
except in (1), (2a), or (3a).
Theorem 1.11. Let (V,A) be a projective affine Ossermann curvature model of
dimension m. Let X 6= 0.
(1) Suppose m ≡ 1(2). Then Spec{J˜X} = {λ1(X)} and ~µ = (m− 1).
(2) Suppose m ≡ 2(4). Then one of the following possibilities holds:
(a) Spec{J˜X} = {λ1(X)} and ~µ = (m− 1).
(b) Spec{J˜X} = {λ1(X), λ2(X)} and ~µ = (1,m− 2).
(c) Spec{J˜X} = {λ1(X), ν1(X), ν¯1(X)} and ~ν = (1, m−22 , m−22 ).
(3) Suppose m ≡ 4(8). Then one of the following possibilities holds:
(a) Spec{J˜X} = {λ1(X)} and ~µ = (m− 1).
(b) Spec{J˜X} = {λ1(X), λ2(X)} and [i] ~µ = (1,m− 2) or [ii] (2,m− 3)
or [iii] ~µ = (3,m− 4)}.
(c) Spec{J˜X} = {λ1(X), λ2(X), λ3(X)} and [i] ~µ = (1, 1,m− 3),
or [ii] ~µ = (1, 2,m− 4)}.
(d) Spec{J˜X} = {λ1(X), λ2(X), λ3(X), λ4(X)} and ~µ = (1, 1, 1,m− 4).
(e) Spec{J˜X} = {λ1(X), ν1(X), ν¯1(X)} and [i] ~µ = (1, m−22 , m−22 ),
or [ii] ~µ = (3, m−42 ,
m−4
2 ), or [iii] ~µ = (m− 3, 1, 1).
(f) Spec{J˜X} = {λ1(X), λ2(X), ν(X), ν¯(X)} and [i] ~ν = (1, 2, m−42 , m−42 ),
or [ii] (1,m− 4, 1, 1)}.
(g) Spec{J˜X} = {λ1(X), λ2(X), λ3(X), ν(X), ν¯(X)} and
~µ = (1, 1, 1, m−42 ,
m−4
2 ).
(h) Spec{J˜X = (λ1(X), ν1(X), ν¯1(X), ν2(X), ν¯2(X)) and
~µ = (1, 1, 1, m−42 ,
m−4
2 ).
(4) There is a projective affine Osserman curvature model realizing each of the
eigenvalue structures above.
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If m = 2, then only case (2-a) appears. Similarly, if m = 4, then many of the
possibilities are not present.
In Section 2, we recall Adam’s Theorem on vector fields on spheres and use it
to restrict the possible eigenvalue structures to establish Assertions (1)–(3). In
Section 3, we will prove Assertion (4) and show that Assertions (1)–(3) are sharp
by constructing examples which realize all the indicated structures.
2. Methods of algebraic topology
2.1. Adam’s Theorem. Chi [14] noticed that one could attack the Osserman
problem by looking at decompositions of the tangent bundle of the sphere, TSm−1,
into sub-bundles. Since decompositions of TSm−1 correspond to linearly indepen-
dent vector fields on the sphere, the following is an immediate consequence of work
of Adams [1]:
Theorem 2.1. Let Sm−1 be the unit sphere in Rm. Suppose we can decompose the
tangent bundle TSm = E1⊕E2⊕ ...⊕Eℓ as the direct sum of vector bundles where
1 ≤ dim(E1) ≤ ... ≤ dim(Eℓ).
(1) If m ≡ 1(2), then ℓ = 1 and dim(Eℓ) = m− 1.
(2) If m ≡ 2(4), then ℓ ≤ 2 and dim(Eℓ) ≥ m− 2.
(3) If m ≡ 4(8), then ℓ ≤ 4 and dim(Eℓ) ≥ m− 4.
This result is sharp. Let E0(X) := X · R. If m ≡ 2(4), then we may regard
Rm = Cm/2. Let E1(X) :=
√−1X · R and E2(X) := (E0(X) ⊕ E1(X))⊥. This
gives a decomposition of T (Sm−1) = E0(X)⊥ = E1 ⊕ E2 where dim(E2) = m− 2.
If m ≡ 4(8), then we may regard Rm = Hm/4 where H = 1 ·R⊕ I ·R⊕J ·R⊕K ·R
is the skew-field of quaternions. Setting E1(X) := IX · R, E2(X) := JX · R,
E3(X) := KX · R, and E4(X) := (E0(X) ⊕ E1(X) ⊕ E2(X) ⊕ E3(X))⊥ then
produces a decomposition with ℓ = 4 and dim(Eℓ) = m− 4.
2.2. The proof of Theorem 1.11 (1,2,3). Let (V,A) be a projective affine Os-
serman curvature model with associated Jacobi operator J . Let VX := V/{X · R}
and let J˜X : VX → VX be the reduced Jacobi operator defined previously. We will
work with J˜ to prove Theorem 1.11. Endow V with an auxiliary positive definite
inner product 〈·, ·〉. Let
S = S(V ) := {X ∈ V : 〈X,X〉 = 1}
be the associated sphere. Since vector spaces TXS and V/{R·X}may be canonically
identified, the reduced Jacobi operator J˜X defines an endomorphism of the tangent
bundle TS. If σ is a (possibly) complex eigenvalue, let
Eσ(X) := {ξ ∈ V/{R ·X} : (J˜X − σ)m(J˜X − σ¯)mξ = 0}
be the generalized eigenspaces of J˜X . We use Theorem 1.10 to enumerate the
eigenspaces Eλ1 , . . . and Eν1 , . . . ; since the multiplicities are constant, these patch
together to define smooth vector bundles which define a decomposition
T (Sm−1) = Eλ1 ⊕ · · · ⊕ Eν1 ⊕ . . . where ℑ(νi) > 0 .
If m ≡ 1(2), then there is one eigenbundle. One uses an argument using char-
acteristic classes (see [27]) to rule out the case that the eigenbundle relates to a
complex eigenvalue and conclude that the eigenvalue λ is real; then an example
may be obtained by taking a space of constant sectional curvature λ or, if positive,
by using a rescaled version of the manifold given in Example 1.6. This completes
the proof of Theorem 1.11 if m ≡ 1(2).
If m ≡ 2(4) and if there is only one bundle in the decomposition of T (Sm−1),
then the corresponding eigenvalue must be real as dim(T (Sm−1)) is odd; this gives
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rise to Case (2-a). If there are two bundles in the decomposition, then one must
be a line bundle and thus corresponds to a real eigenvalue λ1. Case (2=b) arises
when the complementary bundle corresponds to a real eigenvalue λ2 and Case (2-c)
arises when the complementary bundle corresponds to a complex eigenbundle. The
analysis of the case m ≡ 4(8) is similar and is therefore omitted. This completes
the proof of the first 3 assertions of Theorem 1.11. 
3. Projective affine Osserman curvature models
We complete the proof of Theorem 1.11 by constructing projective affine Osser-
man curvature models which realize each of the eigenvalue structures given above.
Let 〈·, ·〉 be the usual inner product on Rm. We shall be considering two different
basic operators. Let A0 be the curvature operator of constant sectional curvature:
A0(X,Y )Z := 〈Y, Z〉X − 〈X,Z〉Y .
We verify that A0 is an affine algebraic curvature operator by computing:
A0(X,Y )Z = 〈Y, Z〉X − 〈X,Z〉Y = −A0(Y,X)Z,
A0(X,Y )Z +A0(Y, Z)X +A0(Z,X)Y
= 〈Y, Z〉X − 〈X,Z〉Y +〈Z,X〉Y − 〈Y,X〉Z +〈X,Y 〉Z − 〈Z, Y 〉X
= 0.
Next suppose that m is even and that J is a unitary almost complex structure, i.e.
J2 = − Id and J∗〈·, ·〉 = 〈·, ·〉. We define
AJ (X,Y )Z := 13{〈JY, Z〉X − 〈JX,Z〉Y − 2〈JX, Y 〉Z} .
We use the relation 〈JX, Y 〉 = −〈X, JY 〉 to show that AJ is an affine curvature
operator by computing:
AJ(X,Y )Z := 13{〈JY, Z〉X − 〈JX,Z〉Y − 2〈JX, Y 〉Z} = −AJ(Y,X)Z,
AJ(X,Y )Z +AJ (Y, Z)X +AJ (Z,X)Y
= 13{〈JY, Z〉X − 〈JX,Z〉Y − 2〈JX, Y 〉Z}
+ 13{〈JZ,X〉Y − 〈JY,X〉Z − 2〈JY, Z〉X}
+ 13{〈JX, Y 〉Z − 〈JZ, Y 〉X − 2〈JZ,X〉Y } = 0.
If Ξ is an auxiliary linear operator, then ΞA0 and ΞAJ are affine algebraic curvature
operators. If ‖X‖ = 1, then the Jacobi operators are given by:
J ΞA0X Y =
{
ΞY if Y ⊥ X
0 if X = Y
}
and J ΞAJX Y =
{
ΞX if Y = JX
0 if Y ⊥ JX
}
. (3.a)
We note that A0 + 13JAJ is the operator of constant holomorphic sectional curva-
ture.
Step I: m arbitrary. Let A := a0A0. If ‖X‖ = 1, then Spec{ΞJX} = {a0}; this
constructs a projective affine Osserman curvature model realizing the eigenvalue
structures given in (1), (2-a), and (3-a) of Theorem 1.11.
Step II: m ≡ 0 mod 2. Let
A = a0A0 + a1J(A0 − JAJ ) + (c1 − a0)JAJ . (3.b)
Let ‖X‖2 = 1. The associated Jacobi operator is given by
JAX Y =


0 if Y = X
c1Y if Y = JX
a0Y + a1JY if Y ⊥ X, JX

 .
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Let λ1 ∈ R and ν1 ∈ C − R with ℑ(µ1) > 0. Let (c1, a0, a1) = (λ1,ℜ(ν1),ℑ(ν1)).
Then
Spec{XiJAX} = {λ1, µ1, µ¯1} and ~µ = (1, (m− 2)/2, (m− 2)/2)
which is case (2-c). If λ1 6= λ2, take (c1, a0, a1) = (λ1, λ2, 0). Then
Spec{XiJX} = {λ1, λ2} and ~µ = (1,m− 2)
which is case (2-b) and (3-b-i). Taking λ1 = λ2 yields case (2-a).
Step III: m ≡ 0 mod 4. Identify Rm = Hm/4 to define a quaternion structure
{J1, J2, J3} on Rm where J1J2 = J3. Let {λ1, λ2, λ3, λ4} be real. Set
A := c4A0 + (c1 − a0)J1AJ1 + (c2 − a0)J2AJ2 + (c3 − a0)J3AJ3
+a1J1(A0 − J1AJ1) + a2J1(J2J2 + J3J3) .
(3.c)
We use Equation (3.a) to see
JAX Y =


0 if Y = X
c1Y if Y = J1X
c2Y + (a1 + a2)J1Y if Y = J2X
c3Y + (a1 + a2)J1Y if Y = J3X
c4Y + a1J1Y if Y ⊥ {X, J1X, J2X, J3X}


.
Since J1J2J3 = Id, J1 defines a complex structure which preserves the spaces
Span{J2X, J3X} and Span{X, J1X, J2X, J3X}⊥; this is an essential point that
fails for higher rank Clifford module structures and which prevents us extending
this construction to the case m ≡ 8 mod 16. We consider the following cases:
(1) Assume all the eigenvalues are real. Let ci = λi, a1 = 0, and a2 = 0.
Then JAX is diagonalizable. If all the eigenvalues are distinct, we obtain
the structure of (3-d); the structures of (3-a), (3-b), and (3-c) are obtained
by letting the eigenvalues coalesce.
(2) Assume there is one complex eigenvalue ν1 of multiplicity (m − 4)/2. We
let c4 = ℜ(ν1), a1 = ℑ(ν1), a2 = −a1, c1 = λ1, c2 = λ2, and c3 = λ3 to
obtain the eigenvalue structure in (3-g); the eigenvalue structures in (3-e-ii)
and (3-f-i) arise by letting the real eigenvalues coalesce.
(3) Assume there is one complex eigenvalue ν1 of multiplicity 1 and two real
eigenvalues λ1 and λ2. We let a1 = 0, c1 = λ1, c2 = c3 = ℜ(µ1), c4 = λ2,
and a2 = ℑ(µ1) to obtain the eigenvalue structure of (3-f-ii); the eigenvalue
structure of (3-e-iii) arises from taking λ1 = λ2.
(4) Assume there is one complex eigenvalue ν1 of multiplicity (m−2)/2 and one
real eigenvalue λ1 of multiplicity 1. We take λ1 = c1, c2 = c3 = c4 = ℜ(µ1),
a1 = ℑ(µ1), and a2 = 0 to obtain the eigenvalue structure of (3-e-i).
(5) Assume there are two distinct complex eigenvalues ν1 and ν2 and one real
eigenvalue λ1. Take c1 = λ1, c2 = c3 = ℜ(ν1), a1+ a2 = ℑ(ν1), c4 = ℜ(ν2),
and a1 = ℑ(ν2) to obtain the eigenvalue structure of (3-h).
This completes the proof of Theorem 1.11. 
Remark 3.1. There are Lie groups underlying the constructions we have given to
prove Assertion (4) of Theorem 1.11. Let GL(Rm) be the general linear group of
invertible linear maps from Rm to Rm. The orthogonal group is defined by setting:
O := {Ξ ∈ GL(Rm) : Ξ∗〈·, ·〉 = 〈·, ·〉} .
The operator A0 of constant sectional curvature is invariant under the action of O
since it arises out of the quadratic form 〈·, ·〉. Since O acts transitively on Sm−1, A0
is a projective affine Oserman operator. If m is even, let J be a Hermitian almost
complex structure on Rm = Cm/2. The associated unitary group is given by:
U := {Ξ ∈ O : JΞ = ΞJ} .
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The curvature operator given in Equation (3.b) is invariant under the action of U .
Since U acts transitively on Sm−1, the curvature operator of Equation (3.a) is a
projective affine Osserman curvature operator. Finally, suppose m is divisible by
4. We identify Rm = Hm/4 to give Rm a quaternion structure. The associated
quaternion group is given by:
SP := {Ξ ∈ O : J1Ξ = ΞJ1, and J2Ξ = ΞJ2} .
This group acts transitively on Sm−1 and preserves the curvature operator of Equa-
tion (3.c); since SP acts transitively on Sm−1, the curvature operator of Equa-
tion (3.c) is projective affine Osserman. Unfortunately, this process terminates at
this stage; higher order Clifford module structures do not give rise to transitive
group actions on spheres.
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